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Renormalization of Horava gravity

Saving unitarity in renormalizable QG
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Higher derivative gravity
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dominates at A > Mp

The theory is renormalizable and asymptotically free !

Fradkin, Tseytlin (1981)
Avramidy & A.B. (1985)

But has ghost poles |:> no unitary interpretation
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Foliation preserving diffeomorphisms
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ADM metric decomposition
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Anisotropic scaling transformations and scaling dimensions

= ATzl s AT, NP NTING 4 o i

[z] = -1, [t]=—2 [N1=2z-1, [v]1=0, [K;j]=z=

extrinsic
curvature

N

1 .
Kij = 55 (8ij = VilNj = V;N;)




“Projectable”theory N = const =1

Kinetic term -- unitarity
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Horava gravity S = E/dt ddx\/f_yN(Kin” —AK? — V(fy))
action 1
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V(v) = 24 —nR + p1 R? + jupRijRY 4+ v1 R34+ voRR;jRY

Potential
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Many more versions: extra

structures in non-projectable theory, N # const, a; =V;InN,...
reduction of structures for

detailed balance case . . .



d+1=4 DoF: tt-graviton and scalar
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Divergences power counting
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Deg of div f =d—+ 1— 2N = physical dimensionality
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Deg of divf — 2+ d— 22N = scaling dimensionality

physical dimensionality # scaling dimensionality
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Things are not so simple: power counting is not enough:
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Generalization of BPHZ renormalization theory (subtraction of subdivergences)

works only for A,,>0 and B,>0
\ J

depends on gauge fixing

Invention of regular gauges for projectable HG
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have homogeneity
in scaling
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o s g 5 free gauge
Gauge fixing term  Sgr = Ve / dt d®z \/y F; O F; fixing parameters

U

Projectable HG is renormalizable in any d




Gauge invariance of counterterms

Background covariant gauge conditions + BRST structure of
renormalization

Background field method:

Yij = Fij + hijy 05— Vi, O = AT 4 eIATETT

DeWitt, Tyutin, Voronov, Stelle, Batalin, Vilkovisky, Slavnov,
Arefieva, Abbotft...
Barnich, Henneaux, Grassi, Anselmi, ...

Blas, Herrero-Valea, Sibiryakov, Steinwachs & A.B.
arXiv: 1705.03480, JHEP07(2018)035



Background field extension of the BRST operator + inclusion of
generating functional sources into the gauge fermion

e

1. BRST structure of renormalization via decoupling of the

background field
2. No power counting or use of field dimensionalities
3. Extension to Lorentz symmetry violating theories
4. Extension to (nonrenormalizable) effective field theories

Extended BRS operator and gauge fermion  Q — Qext, Y — Yext[ P, J |

e W/h — / D@ e~ SFQUHIO /I 5 ~W/h - / D e~ (S+HQextPext)/

Gauge independence on shell | dgyW [ J] ‘J—O =0

physical gauge
invariant local
counterterm

Sle]l = Slel+ AxxS[e] |
!pext[@] — ‘-’pext[@] + Aoowext[@] — local counterterm

to gauge fermion
(irrelevant)

Renormalization:



Asymptotic freedom in (2+1)-dimensions

1 g
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Off-shell extension
IS not unique:

Essential coupling constants: A, G
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Sqr = %/dt A2z /7 F, OUF,
background covariant L 1,k :
gauge-fixing term F; = Ogn; + % Oij (V hk — AV’h)
o, £ — free parameters N

O = ~[y; A+ VvV,

Mathematica package XxAct

D. Brizuela, J. M. Martin-Garcia, and G. A. Mena
Marugan, Gen. Rel. Grav. 41, 2415 (2009),
arXiv:0807.0824
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Powerful check — gauge independence of essential

couplings

Check in conformal gauge hij = 6245%-3-
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Renormalization flows:

g

1/4

strongly coupled fixed point
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Towards RG flows of (3+1)-dimensional Horava gravity
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S = QG/dtd /A7 (Ki K = K2 — V(%))

V(v) =R+ VQRRz'jRij + V3R§‘RZ:R§C + v4V;RV'R + V5ViRjkViRjk + ...
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M. Herrero-Valea, S. Sibiryakov & A.B.,
PRD100 (2019) 026012
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Non-unitary region
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The lines A=\(a) correspond to
potential location of fixed points of
the full RG flow. The region

A € [1/3,1] is excluded by the
requirement of unitarity.



Background field method

| 1 ~ 1 ds
One-loop effective 1 _ 1 sF(V)
action I'one—loop = 2_|_I’4 In F (V) = 5 s

Action Hessian F(V) = F%(V) acting in the space of fields ¢ = cpA(x)

_ -1

[V, V] VA = RA

p,u,yvpa [v,ua VV] ¢ = Ruuﬁba [v,ua VU] X = [RMV, X]

Heat kernel (Schwinger-DeWitt) expansion
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One-loop divergences
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Extension to non-minimal and higher-derivative operators

The method of universal functional traces (I. Jack and H. Osborn (1984),
G.A.Vilkovisky & A.B., Phys. Rept. 119 (1985) 1)
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Schwinger-DeWitt expansion



Horava gravity:

¢ (z) = hyj(z),n'(z) + FP ghosts
Static 3-metric background with generic 3-metric ’_Y@'j (X)

vij (@) = 7 (x) + hij(1,x), N'(z) =0+ n'(r,x)
Hessian structure F(V)=-1 82 + F(Vx)

Space parts of metric and vector ~ A El —k 6
(shifts and ghosts) operators: F=F B — Fz‘j an’ ~ V=~ + ...
Example — for the ghost operator in (o,¢) -family of gauges:
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Dimensional reduction method on a static background with
generic 3-metric

o d
TraIn(—82 +F) = — /0 ?S Tryes(—07+F)
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How to proceed with the square root of the 6-th order differential
operator?

B 1
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How to find the coefficients a ;. ?

VE=0® +x

principal symbol of F = F(V) |
V—p, R—0

) _ o 1/2
Q = ( principal symbol of F
p—V

Solving by iterations the linear equation for X as expansion in the
curvature

QX +x0Q =F — (@(0))2 —X? xR ~[V,V]



div 6 1 div
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Divergences of universal functional traces
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Results for beta functions of (3+1)-dimensional Horava gravity

1 »
§=5= / dt de AN (KK — \K? = V(7))
V(v) = v1R® + 1oRR;jRY + v3RER] RE + 14V, RV'R + vV, R,V RI¥

Six essential coupling constants G, A and x = (us,v1,v2,v3)

g=i7 )\3 Us — (1_>\)(8U4+3V5)7 Uazﬁ, a=13273
V5 (1 -3)N)vs Vs
G2 LA G
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Bx = A G Zgjunpx[lv Vo, v3]
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S n=0
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Use of Mathematica package xAct
Example (one of the longest ones):

Pel=-2(1 - N\)?(1 - 3A){168U§(51A3 — 14922 4 125X — 27) — 10805 (9A% 4+ 912
—25X 4 7) —4v3(1 — \) [181)3(117)\2 — 366\ 4 109) — 284)\% — 7265\ + 5425]
+403200%(1 — A)2(A + 1) — 903 (346723 — 883912 4 6237\ — 865)
+uq [647;%(1 — A)2(1717) — 581) — 16w,(1 — A)(3v3(2741)\2 — 3690\ 4 949)
+259407% — 40662\ + 12022) + 27v5(961)23 — 2395)2 4 1835) — 401)
+6v3(5226723 — 14896372 + 129881\ — 33185) — 28835313 4 542255)7
—333355\ + 83485] — 2u5 [162v§(3A3 + 3522 — 51\ + 13) + 24v5(1265)3
219122 4 691\ + 235) + 3097123 — 4032372 4+ 13167\ — 4451} — 12v3(6551)3

—11593A% 4 6124X — 1112) 4 10951923 — 25239672 + 177357\ — 34396}

Check of the results: independence of essential betafunctions on the choice
of gauge (o ¢- family of gauge conditions) and spectral sum method in
dimensional and zeta-functional regularization.



Discussion: detailed balance and asymptotic freedom

Special (not fully fixed) point: {W*}Yy:vy=1/2, wvp=-5/2, wv3=23

B

Detailed balance
version of HG

Connection to
gravitational

Va
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, Bg
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1 7 . .
S’U*,us—>0 - E/ dt d3:13 ﬂ(Kin” — )\K2 + vy C”C@'j)
2 .
= = [ dr o /3 (K5 + VBCy) G (K + v75Ck),
Cl = ¢ikly,, (R{ - Ré{) = ey, RY)
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1 . >
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Chern-Simons theory



Gg—0

g — o0

Landau pole

asymptotic freedom

Fixed points equations: Pr/G =0,
ﬁx/(j:O, X = Us, V1,V2,V3
A Us v1 Vo v3 Bg/G? | AF? | UV attractive along A7
0.1787 | 60.57 -928.4 -6.206 | -1.711 | -0.1416 | yes no
0.2773 | 390.6 -19.88 -12.45 | 2.341 [-0.2180 | yes no
0.3288 | 54533 | 3.798x10° | -48.66 | 4.736 | -0.8484 | yes no
0.3289 | 57317 | -4.125x10° | -49.17 | 4.734 | -0.8784 | ves no




Special limit: A\ — oo (non-relativistic gravity vs Perelman-Ricci flow,
A. Frenkel, P. Horava and S. Randall, 2011.1914;
cosmology implication, A.E. Gumrukcuoglu, S. Mukohyama,

1104.2087)
Us v1 (35 V3 Bg/g2 asymptotically free? | UV attractive along A7
0.01950 | 0.4994 -2.498 | 2.999 | -0.2004 yes no
0.04180 | -0.01237 | -0.4204 | 1.321 -1.144 yes no
0.05530 | -0.2266 | 0.4136 | 0.7177 | -1.079 yes no
12.28 -215.1 -6.007 | -2.210 | -0.1267 yes yes
21.60 -17.22 -11.43 | 1.855 | -0.1936 yes yes
440.4 -13566 -2.467 | 2.967 | 0.05822 no yes
571.9 -9.401 13.50 | -18.25 | -0.07454 yes yes
950.6 -61.35 11.86 3.064 0.4237 no yes



https://arxiv.org/search/hep-th?searchtype=author&query=Gumrukcuoglu,+A
https://arxiv.org/search/hep-th?searchtype=author&query=Gumrukcuoglu,+A
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https://arxiv.org/search/hep-th?searchtype=author&query=Mukohyama,+S
https://arxiv.org/search/hep-th?searchtype=author&query=Mukohyama,+S

Conclusions

Renormalization of Horava-Lifshitz gravity

Salvation of unitarity in local renormalizable QG via LI violation

BPHZ renormalization and “regularity” of propagators
Gauge invariance of UV counterterms

Asymptotic freedom in (2+1)-dimensional theory
Method of universal functional traces

Beta functions of (3+1)-dimensional theory and fixed points
candidates for AF

THANK YOU!



